ON KAZHDAN-LUSZTIG CELLS IN TYPE B 
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Abstract. We prove that, for any choice of parameters, the Kazhdan-Lusztig 
cells of a Weyl group of type B are unions of combinatorial cells (denned using 
the domino insertion algorithm). 



Let (W n ,S n ) be the Weyl group of type B n , where S n = {t, si, . . . , s n _i} and 
where the Dynkin diagram is given by 

t S\ S2 s n _i 

o — o — o — ■ • — o 

Let £ : W n — > N = {0, 1, 2, 3, . . . } be the length function. Let T be a totally ordered 
abelian group and let <p : W n — ► Y be a weight function (in the sense of Lusztig [TO] 
§3.1]). We set 

<f(t) = b and y(si) = ■ ■ • = (p(s n -i) = a. 

To this datum, the Kazhdan-Lusztig theory (with unequal parameters [ID]) asso- 
ciates a partition of W n into left, right or two-sided cells [TUl Chapter 8]. 

In [3l Conjectures A and B], Geek, Iancu, Lam and the author have proposed 
several conjectures for describing these partitions (at least whenever a, b > 0, but 
this is not such a big restriction, as can be seen from [2, Corollary 5.8]): they 
involve a domino insertion algorithm. Roughly speaking, one can define a partition 
of W n into combinatorial (left, right or two-sided) (a, b) -cells (which depend on a, 
b and which are defined combinatorially using the domino insertion algorithm): 
the combinatorial (left, right or two-sided) cells should coincide with the Kazhdan- 
Lusztig (left, right or two-sided) cells. The aim of this paper is to prove one of the 
two inclusions (see Theorem 11.241) : 

Theorem. // two elements of W n lie in the same combinatorial (left, right or two- 
sided) cell, then they lie in the same Kazhdan-Lusztig (left, right or two-sided) cell. 

In the case of the symmetric group, the partition into left cells (obtained by Kazh- 
dan and Lusztig [7j Theorem 1.4]) uses the Robinson-Schensted correspondence, and 
the key tool is a description of this correspondence using plactic/coplactic relations 
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(also called Knuth relations). For W n , whenever b > {n — l)a, the partition into 
left, right or two-sided cells was obtained by Iancu and the author (see [4j Theorem 
7.7] and [U Corollaries 3.6 and 5.2]) again by using the translation of a generalised 
Robinson-Schensted correspondence through plactic/coplactic relations. 

Recently, M. Taskin p[3] and T. Pietraho [32] have independently provided plac- 
tic/coplactic relations for the domino insertion algorithm. Our methods rely heavily 
on their results: we show that, if two elements of W n are directly related by a plac- 
tic relation, then they are in the same Kazhdan-Lusztig cell. The key step will be 
the Propositions 12.141 and 12. 151 where some multiplications between elements of the 
Kazhdan-Lusztig basis are computed by brute force. We then derive some conse- 
quences (see Propositions 14. II and 16.11) . where it is proved that some elements are in 
the same left cells. Then, the rest of the proof just uses the particular combinatoric 
of Weyl groups of type B, together with classical properties of Kazhdan-Lusztig 
cells. 
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The author also wants to thank warmly L. Iancu and N. Jacon for their careful 
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1. Notation 

l.A. Weyl group. Let (W n ,S n ) be the Weyl group of type B n , where S n = 
{t,Si, . . . , s n -i} and where the Dynkin diagram is given by 

t Si S2 S n -1 

o — o — o — ■ • — o 

Let £ : W n -> N = {0, 1, 2, 3, . . . } be the length function. Let /„ = {±1, . . . , ±n}\ we 
shall identify W n with the group of permutations w of I n such that w(—i) = —w{i) 
for all w G I n . The identification is through the following map 

t\ — >(1,—1) and Si i — > (i, i + 1)(— i, — i — 1). 

The next notation comes from [H §4]: it is rather technical but will be used 
throughout this paper. We set t\ — r\ — t and, for 1 ^ i ^ n — 1, we set 

r i+l = s i r i an d t%+l — SitiSi- 

We shall often use the following well-known lemma: 



Lemma 1.1. Let w G W n , % G {1, 2, . . . , n — 1} anc? j G {1, 2, . . . , n}. Then: 

(a) £(wsi) > £(w) (that is, wSi > w) if and only if w{i) < w{i + 1). 

(b) £(wtj) > £(w) if and only if w(j) > 0. 



As a permutation of I n , we have 
(1.2) U = (i,-i) 
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and 

\-i if J = 1, 

(1.3) n(j) = <j-l if 2 ^ j ^ i, 

I j if i + 1 ^ j ^ n. 

An easy computation shows that, if j € {1, 2, . . . , n — 1} and « G {1, 2, . . . , n}, then 

7-iSj ifj>i, 

r i+1 ifj = i, 

U-i if j = i — 1 , 

k riS j+ i if 1 ^ j < i — 1. 



(1.4) 



Note also that, if / ^ 2, then 

(1.5) rin = r l _ 1 r l s 1 . 

We set a — 1 and, if ^ / ^ n, we set 

a/ = r\r 2 ■ ■ -r z . 

As a permutation of /„, we have 

i — 1 — Z ifl <i<Z, 



(1.6) 



ai(i) 



In particular, 
(1.7) 

and, if % G {1, 2, . . . , n — 1} \ {I}, then 



if I + 1 ^ i ^ n. 



a; 



(1.8) 

Note also that 
(1.9) 



CliSidi 



si-i Hi <l, 
Sj if i > I. 



£( ai ) 



1(1 + 1) 



We shall identify the symmetric group & n with the subgroup of W n generated by 
Si,. . . , s n _i. We also set /+ = {1,2,..., n}. Then, as a group of permutations of 
I n , we have 

(1.10) G n = {w G W n | «;(/+) = /+}. 

If 1 ^ i ^ j ^ n, we denote by [i, j] the set {i, i + . . . ,j} and by the subgroup 
of W n (or of & n ) generated by Sj, Sj+i,. . . , Sj-i- If j < i, then we set = and 
<7[jj] = 1. As a group of permutations of /„, we have 

(1.11) 6 M = {w G © n | VA; G /+ \ [i,j],w(k) = k}. 

The longest element of W n will be denoted by w n (it is usually denoted by wo, 
but since we shall use induction on n, we need to emphasize its dependence on n). 
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We denote by a n the longest element of & n . The longest element of will be 
denoted by (T[ij\. As a permutation of I n , we have 

(1.12) «j„ = (l,-l)(2,-2)...(n,-n). 



Note also that 
(1.13) 



^1^2 ' ' ' t n — t n • ■ ■ t^tx 



and that 

(1.14) w n is central in W n . 

l.B. Decomposition of elements of W n . If ^ / ^ n, we denote by the 
subgroup of & n generated by {si, s n _i} \ {si}. Then = x &[i +1)n ] ~ 

&i x & n -i. We denote by Y^ n _i the set of elements w G & n which are of minimal 
length in w&^ n -i. Note that a\ normalizes &i, n -i (this follows from 11.81) . 

If w G W n , we denote by tt(w) the number of occurences of t in a reduced decom- 
position of w (this does not depend on the choice of the reduced decomposition). 
We set £ s (w) = i(w) - £ t (w). 

Lemma 1.15. Let w G W n . Then there exists a unique quadruple (l,a,/3,<j) where 
^ / ^ n, a, (3 G Y\^n-i and a G &i, n -i are such that w = aa\ofi^ x . Moreover, there 
exists a unique sequence 1 ^ ii < %i < ■ ■ ■ < i\ ^ n such that aa\ = r^r^ ■ ■ ■ r ir We 
have 

£(w)=£(a)+£( ai )+£(o-)+£(/3), 
£t{w) = I 

and {h, ...,ii} = {ie [l.n] | u> _1 (z) < 0}. 

Note also that 



k=l 



Proof. See [H §4, and especially Proposition 4.10]. □ 

If / G [0, n] and if 1 ^ i\ < • • • < i\ ^ n and 1 ^ ji < ■ • • < j n ~i ^ n are two 
sequences such that [1, n] = {ix, . . . , ii} U {ji, . . . , j n -z}, then it follows easily from 
Othat 

(116) Un 1 ---r H )-\i k ) = k-l-l if 1< A; < /, 

Sl ■■r k )- 1 (j k ) = l + k ifl^k^n-l. 
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The elements a, (3 and a of the previous lemma will we denoted by a w , W and 
a w respectively. We have 

(1.17) C t {w~ l ) = it{w), a w -i = (3 W , /3 w -i = a w and a w -i = a^cr^) -1 ^. 

We shall now describe how the multiplication by the longest element w n acts on 
the decomposition given by Lemma 11.151 For this, we denote by o~i, n -i the longest 
element of 

Proposition 1.18. Let w G W n and let I = tt(w). Then: 

(a) £ t (w n w) = n — I, 

(b) a WnW = a w a n a n -i } i and (3 WnW = f3 w <r n a n -i t i. 

(c) cr WnW = o n oo^ x a n ^i^. 

(d) Let 1 ^ %\ < • ■ ■ < ii ^ n be the sequence such that a w ai = r ix ■ ■ ■ r it . Then 
otwnv) — r ji ' ' ' r j n -i > where 1 ^ jx < ■ • • < j n -i ^ n is the sequence such that 
{«i, . . U {jx, . . .,j n -i} = [l,n]. 



Proof, (a) is clear, (d) follows from Lemma fi. 151 We now prove (b) and (c) simul- 
taneously. For this, let a' = a w a n a n -ij, f3' = f3 w a n a n ^i and a' = o n o w o~ l o n - U . 
By the unicity statement of the Lemma 11.151 we only need to show the following 
three properties: 

(1) a', p e r n _,,,. 

(2) a 1 G S n _ M . 

(3) w n w = a'a n _io'f3'- 1 . 

For this, note first 

&n&l,n-lO~ n 1 = &n-l,l, 

so that (2) follows immediately. This also implies that cr n ( J 'n~i,i ~n 1 = °~i,n-i because 
conjugacy by a n in & n preserves the length. 

Let us now show (1). Let i G {1, 2, . . . , n} \ {n — I}. We want to show that 
£(a'si) > £(a'). By Lemma [TTTT this amounts to show that a'(i + 1) > a'(i). But 
a' = a w (Ji jn -i<j n . Also a ri {i) = n + 1 — i > a n (i + 1) = n — i and n + 1 — i and n — i 
both belong to the same interval [1,/] or [Z + l,n]. Hence cr^ n ~iO' n {i) < ai^ia n {i + l) 
and a w ai >n -ia n {i) < a w a^ n -ia n (i + 1) since a w G Y\^-i- This shows that a' G Y n -i,\- 
Similarly, (3' G Y n _ij. So (1) is proved. 

It remains to show (3). We have 

oi w o~ n o~ n —iici n _io~ n o~ w [3 w 
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But cr„_ M = a[ n _; + i >n ]cr n _/ and a n (T[ n ^i + x^a~ x = a^j] = 07 so 

the last equality following from 11.131 Now, a n w n -icr~ l = wiw n (see again [TT3l ) so 

Otyj &\ W n (7 W j3 w 

= w n a w aio w (3~ x = w n w, 

the second equality following from 11.131 and the third one from the fact that w n is 
central (see 11.141 ). □ 

l.C. Subgroups Wrn of W n . If m ^ n, we shall view W m naturally as a subgroup 
of W n (the pointwise stabilizer of [m + 1, n]). It is the standard parabolic subgroup 
generated by S m = {t, s\, . . . , s m _i}: we denote by the set of w G W n which 
are of minimal length in wW m . For simplification, we set X n = X^ n_1 \ It follows 
from Lemma [1J] that: 

Lemma 1.19. Let w be an element ofW n . Then w belongs to Xn if and only if 
< w(l) < w{2) < • • • < w(m). 

If I — {ix, . . . ,ii} C [1, n — 1] with ii < ■ ■ ■ < ii, then we set 
Cj ' ' ' and dj S{ 1 • • • s%-y . 

By convention, c = d = 1. We have 

(1.20) X n = {q ijn _i] I 1 ^ i ^ n} U {d[i,i]fc[i jTl _i] | ^ i ^ n - 1}. 

l.D. Hecke algebra. We fix a totally ordered abelian group T (denoted additively) 
and a weight function <p : W n — > T. We set 

ip(t) = b and ^(si) = a (= <p(s 2 ) = ■ ■ ■ = yj(a n _i)). 

Note that 

(1.21) ^(tw) =4H& + 4(^)a 
for all u> G W n . 

We denote by A the group algebra Z[T}. We shall use an exponential notation: 
A = © Ze 7 , where e 7 • e 7 ' = e 7+7 ' for all 7, 7' G T. We set 

Q = e b and q = e a . 
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Note that Q and q are not necessarily algebraically independent. We set 



A^ n = © Ze\ 



7<0 

and we define similarly A^ , A >0 and A^ . 

We shall denote by 7i n the Hecke algebra of W n with parameter if: it is the free 
A-module with basis (T w ) w( zw n and the multiplication is A-bilinear and is completely 
determined by the following rules: 

T W T W > = T ww t if £(ww') = £{w) + £(w'), 

(T t -Q)(T t + Q- 1 )=0, 
(T Si - q )(T Si + q- 1 ) =0 ifl<i<n-l. 

We also set 

7"Cr° = © A^Tyj. 



w£W„ 

Finally, we denote by : 7i n — > 7^ n the unique A-semilinear involution of 7^ n such 
that e 7 = e~ 7 and T w = T~\ for all 7 G T and w G W n . 

I.E. Kazhdan-Lusztig basis. We shall recall here the basic definitions of 
Kazhdan-Lusztig theory. If w G W n , then [HH Theorem 5.2] there exists a unique 
C w G Tin such that 

Cm C u 
k C w = T w modUf 

Note that pH §5.3] 

(1.22) C w -T w e © A <0 T^, 

U)'<U> 

where ^ denotes the Bruhat order on W n . In particular, (C w ) we w n is an A-basis of 
7i n , called the Kazhdan-Lusztig basis of 7i n . 

l.F. Cells. If x, y G W n , then we shall write x < — y (resp. x <— y, resp. 
x < — y) if there exists h G 7i n such that the coefficient of C x in the decomposition 
of hC y (resp. C y h, resp. /iC y or C,,/?,) is non-zero. We denote by (resp. resp. 

L R LR 

^lr) the transitive closure of < — (resp. < — , resp. < — ). Then and ^lr 

are preorders on W n and we denote respectively by ~# and ~ LR the associated 
equivalence relations [HE Chapter 8]. An equivalence class for ~^ (resp. resp. 
~l_r) is called a left (resp. right, resp. two-sided) cell. We recall the following result 
[TUl §8.1]: if x, 7/ G W n , then 

(1.23) x ~ L y x- 1 ~ B y-\ 

l.G. Domino insertion. If r ^ and w G W n , then the domino insertion 
algorithm (see [8], [Hj, [H]) into the 2-core 5 r = (r, r — 1, . . . , 2, 1) associates to w 
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a standard domino tableau D r (w) (with n dominoes, filled with {1,2,..., n}). If D 
is a domino tableau, we denote by sh(D) its shape: we shall denote by sh r (w) the 
shape of D r (w) (which is equal to the shape of D r (w~ r ), loc. cit.) . 

If x and y G W n we shall write x ~ r L y (resp. x ~^ y, resp. x ~ r LR y) if 
L> r (x _1 ) = Drii)" 1 ) (resp. D r (x) = D r (y), resp. sh r (x) = sh r (y)). These are 
equivalence relations on W n . Note that ~ r LR is the equivalence relation generated 
by ~ r L and 

We denote by (resp. ~!r + \ resp. ^r 1 ) the equivalence relation generated 

by ~£ and (resp. an d resp. ~ r LR and Recall the following 

conjecture from (3j Conjectures A and B]: 

Conjecture. Assume that a, b > 0. Let r ^ and ? G {L, i?, LR}. 

(a) If ra < b < (r + l)a, then the relations ~? and ~? coincide. 

(b) 7/ r ^ 1 and 6 = ra, i/ien t/ie relations ~? and ~? coincide. 

The main result of this paper is the following partial result towards the previous 
conjecture: 

Theorem 1.24. Assume that a, b > 0. Let r ^ 0, ? G {L, i?, Li?} and x, y & W n . 
Then: 

(a) If ra < b < (r + l)a and x ~? j/, t/ien a; ~? y. 

(b) If r ^ 1, b = ra and x ~? t/, inen x ~? y. 

The other sections of this paper are devoted to the proof of this theorem. 

Comments - If one assumes Lusztig's Conjectures PI, P2,. . . , P15 in [TOl Chapter 
14], then Theorem 11.241 implies that the statement (a) of the Conjecture is true. 
Indeed, Lusztig's Conjectures imply in this case that the left cell representations are 
irreducible, and one can conclude by a counting argument. It might be probable 
that a similar argument applies for the statement (b), using results of Pietraho [1 1 J : 
however, we are not able to do it. 

In the case where 6 > {n — l)a, Theorem 11.241 was proved in [IJ Theorem 7.7] (in 
fact, the conjecture was also proved) by using a counting argument. The proof here 
does not make use of the counting argument. □ 
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2. Kazhdan-Lusztig polynomials, structure constants 

Hypothesis and notation. From now on, and until the end of 
this paper, we assume that a, b are positive. Recall that Q = e b and 
q = e a , so that Z[Q, Q^ 1 , q, q^ 1 ] C A. If p G A^> , we denote by Ta{p) 
the coefficient of 1 = e° in the expansion of p in the basis (e 7 ) 7e r- 



2. A. Recollection of general facts. If x and y are elements of W n , we set 

C x Cy ^ h X y Z C z ^ 



Z&W n 



where the h Xt y, z belong to A and satisfy 



h = h 



We also set 

C v = Yl p *^y Tx and P*>v = e 

x€W n 

Recall [TOl Proposition 5.4] that 



tp(y)-ip(x) * 

1 x,y 



(2.1) 



Py,y Py>y ' 

p* jV G A <0 ifx^y. 

P*x, y = Px,y = ifx£y, 

Px,y ^ ^4^0; 



Now, if s G S'n, Lusztig [H3, Proposition 6.3] has defined inductively a family of 
polynomials {M* y ) sx<x<y<S y by the following properties: 



(2.2a) 



M s = M s , 

x,y x,y) 



(2.2b) M' y + £ p;, 2 M^ - e ^) p ; tf G A <0 . 

x<z<y 
sz<z 

With this notation, we have |TQl Theorem 6.6]: 



Theorem 2.3 (Kazhdan-Lusztig, Lusztig). Let s G S n and let y G W n . Then: 

'c sy + M '*,v c * i f s v>y> 



(a) C s C y 



sx<x<y 

( e vW + e -vW) c y ifsy<y. 
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(b) If sy < y, and if x ^ y, then 



q 2 p X ,sy+Vs X ,sy- ^'^P^Ksy */ SX < X > 

xi^.z<sy 
sz<z 

Psx,y if 3% ^ 



1Px,sy Psx,sy ^ ] Px,z^z,sy if SX ^ X > 

and P*t„= { x^z<sy 



Corollary 2.4. // s, s' G {sj, . . . , s n _i} and x, y E W n are such that sx < x < 
s'x = y < sy, then x ~ L y. 



Proof. See [9l Proposition 5 (b)]. □ 



2.B. Special features in type -B. The previous results of this section hold 
for any Coxeter group (finite or not). In this subsection, we shall investigate what 
is implied by the structure of W n . The particular ingredient we shall need is the 
following lemma [3, §4]: 



Lemma 2.5. {a/ | ^ I ^ n} is the set of elements w G W n which have minimal 
length in & n w& n . If x < a\ for some I G {1,2, ... ,n} and some x G W n , then 
£ t (x) < £ t ( ai ) = I. 

It has the following consequences (here, if p G Z[q], we denote by deg q p its degree 
in the variable q): 



Corollary 2.6. Let x andy be two elements ofW n such thatx ^ y and£ t (x) = £t(y)- 
Then: 

(a) p x ,y G Z[q] and, if x^y, then deg q p X) y < £(y) - £(x). 

(b) If 1 ^ i ^ n — 1 is such that s,ix < x < y < Siy, then M** G Z: it is equal to 
T A(qp* x , y ) (note also that qp* x y G Z\q~ x \). 
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Proof. We shall prove (a) and (b) together by induction on the pair (£(y),£(y)—£(x)) 
(with lexicographic order). The result is obvious if £{y) = £{x) or if £{y) ^ 1. So 
assume now that £{y) > 1, that £{y) — £(x) > and that (a) and (b) hold for all 
pairs {x',y') such that (£(y'),£(y') - £(x')) < (£(y),£(y) - £(x)). First, note that 

because ip(y) - ip(x) = (£ t (y) - £ t {x))b + (£ s (y) - £ s (x))a = (£ s (y) - £ s (x))a = 
(£{y) -£{x))a. 

Let us first prove (a). So we have x < y and £t(x) = £t(y)- By Lemma [2751 this 
implies that there exists % G {1, 2, . . . , n — 1} such that s^y < y or ysj < y. In the 
second case, one can exchange y and y -1 (and x and by using [TUl §5.6], so that 
we may assume that s-iy < y. Then, Theorem 12.31 (b) can be rewritten as follows: 

P*,y = I 

\PsiX,y if SjX > X. 

If SiX > x, then the result follows from the induction hypothesis. If SiX < x, then 

belong to Z[q] and has degree < £(y) — £(x) by the induction hypothesis. The other 
terms in the above formula also belong to Z[q] and also have degree < £(y) — £(x) 
by the induction hypothesis. So we get (a). 

Let us now prove (b). So we assume that SiX < x < y < Siy. Then, using the 
induction hypothesis and 12.11 the condition 12.21 (b) can be rewritten 

Now, the result follows easily from (a). □ 

Now, if tx < x < y < ty are such that £t(x) = £t(y), let us define an element 
Hx,y € ^4 by induction on £{y) — £{x) by the following formula: 

f^x,y Px,y ^ Px,zt^z,y 

x<z<y 
tz<z 

It follows easily from Corollary 12.61 (and an induction argument on £(y) — £{x)) that 

(2.7) fj, x>y G Z[q] and deg q /i Xty < £{y) - £(x). 

Moreover: 

Corollary 2.8. Assume that tx < x < y < ty and that £t{x) = tt(y). Then: 

(a) Ifb> (£(y) - £(x))a, then M l x y = Qq e{x) ~ e(y) ^ y + Q^q^-^Th^- 

(b) Ifb= (£(y) - £(x))a, then M l x y = ^ + Jl^ - r A (fj, Xty ), 
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Proof. Let us assume that b ^ (£(y) —£(x))a. We shall prove the result by induction 
on £(y) — £(x). By the induction hypothesis, the condition 12.21 (b) can we written 



I'<Z<J/ 
tZ<Z 

But, if x < z < y and tz < z, then 



<o- 



because p* X)Z G A <0l JT^ G A^ and Q-yCw)-^*) = e -H-(*(i/)-*(*))a e ^ <Q ( since 
%) - < %) - Therefore, 



L<0- 



a;<2<j/ 
£z<z 



In other words, 

Let ix = Qcfw~" y > fj, X}V . Two cases may occur: 

• If b > (£(y) — £(x))a, then /j G t4 >0 and so the condition 12.21 (a) forces 
M xy — fi + /Z, as required. 

• If 6 = (^(y) — ^(x))a, then /x = fi Xty G ^4^o an d now the condition 12.21 (a) 
forces M* = /i + /Z — ^(/i), as required. 

The proof of the Corollary is complete. □ 

We conclude this subsection with two results involving the decomposition of 
Lemma ll.151 

Lemma 2.9. Let x and y be two elements of W n and let s G S n be such that 
sx < x < y < sy, £t(x) = £t(y) and (3 X = (5 y = (3 . Then M xy = @ (note that 

Px/3 = Pyf3 = I). 



Proof. See [II Proposition 7.2]. Strictly speaking, in [4j, the authors are generally 
working with a special choice of a function tp ("asymptotic case"): however, the 
reader can check that the proof of this particular result, namely [31 Proposition 7.2], 
remains valid for all choices of parameters. □ 

Proposition 2.10. Let I G [0, n], let a and a' G &i, n -i be such that a ~l a' and let 

[3 G Yi^n-i- Then 
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Proof. By the description of Kazhdan-Lusztig left cells in the symmetric group [TJ 
Theorem 1.4 and §4], we may assume that there exist two elements s and s' in 
{si, . . . , si-i, si + x, . . . , s n _i} such that o' = s'a and sa < a < a' < sa'. Let u = aisai 
and u' = ais'ai. Then u and u' belong to {si, . . . , sj + i, . . . , by 11.81 and 

So (*) follows from Corollary I2.4L □ 

2.C. *-operation. We shall recall the definition of the ^-operation (see [7, §4]) 
and prove some properties which are particular to the type B. Let us introduce 
some notation. Ifl^^^n — 2 and x G W n , we set 

TZi(x) = {s e {si, s i+1 } | l(xs) < i{x)}. 

We denote by T>i(W n ) the set of x G W n such that \Ki(x)\ = 1. If x e Vi(W n ), then 
it is readily seen that the set {xsi, xs i+ i} fl T>i(W n ) is a singleton. We shall denote 
by ji(x) the unique element of this set (it is denoted by x* in [?J, §4], but we want 
to emphasize that it depends on i). Note that 

li ° li = Wp,(H/„) • 

We recall Kazhdan-Lusztig result [7j Corollary 4.3]: if x and y G Vi(W n ), then 
(2.11) x ~ L y 7j(x) ~ L 7i(y). 

The fact that t is not conjugate to any of the s^'s implies the following easy fact: 

Proposition 2.12. Let x G W n and let 1 ^ k ^ n — 1. 2%en xs/c > x if and only if 
tXSk > tx. 



Proof. Indeed, by Lemma [TTT1 we have x.Sk > x if and only if x{k) < x{k + 1). But, 
for any j G l£ , there is no element j' G such that t(j) < f < j. So x{k) < x(k+l) 
if and only if tx(k) < tx{k + 1) that is, if and only if txsu > tx (again by Lemma 

HH). □ 

The proposition 12. 121 implies immediately the following result: 

Corollary 2.13. Let x G W n and let 1 ^ % ^ n — 2. Then x G Vi(W n ) if and only 
if tx G Vi(W n ). If this is the case, then Ji(tx) = tji(x). 
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2. D. Two relations < . The crucial steps towards the proof of Theorem 11.241 

are the following two propositions, whose proofs will be given in sections [3] and [5] 
respectively. 

Proposition 2.14. Let I G {1, ... ,n — 1} and assume that b^{n — l)a. Then 
M l + o. 

Proposition 2.15. Xet / G {1, . . . , n — 1} and assume that (n — 2)a < b ^ (n — l)a. 

3. Proof of Proposition EHH 

Notation. If u, v & W n are such that u ^ v, we denote by [u] v] 
the Bruhat interval between u and v. In this section, and only in 
this section, we assume that I ^ 1 and b^(n — l)a and we set x = 
n--- no-[i+i, n \ and y = r 2 . . . nr n a[i +1>n ] . 

3. A. Easy reduction. Note that 

tx < x < y < ty, 

so it makes sense to compute M%. y . Moreover, £(y) — £(x) = n — 1 so, by Corollary 
12.81 we only need to prove that fjL X)y ^ (even if b = (n — l)a). For this, we only 
need to show that 

(?) TA^y) + 0. 

3.B. The Bruhat interval [a;;y]. First, note that 

x = aiG[i + x^ = G[i + x^ai 

and y = S f- s/-is n _! • • • s t x = si • • • s;-is n -i • • • s^+i^a* = qi^o^a/. 
Since a/ has minimal length in & n ai, the map 

[0"[i+l,n];C[l,i-l]^[i,n]] > fay] 

z i — > zai 

is an increasing bijection [101 Lemma 9.10 (f)]. Since the support of cp^-i] is disjoint 
from the support of the map 

[I; c [l,i]] x [ <J [/+l,n]; <7 [i ) n]] ► ^l^-ll^.n]] 
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is an increasing bijection (for the product order). Now, (J[i >n \ is the longest element 
of 6[/ >n ] and (J[i + i,n](7[i,n] = C[i,n-i\- Therefore, the map 

[l;Cp in _l]] > [v[l+l,nY,V{l,n]\ 

Z I — > za [l;n] 

is a decreasing bijection. So, if we denote by V(E) the set of subsets of a set E, 
then the maps 

V([l,l-1}) — > [l;c [liW] ] 

/ Cl 

and ^(M" 1 ]) ► [V[l+l,n];cr[l,n]] 

J 1 ► Cj^Ii.n] 

are increasing bijections (here, J denotes the complement of J). On the other hand, 
the map 

V([l,l-l])xV([l,n-l}) — P([l,n-1]) 
(/, J) i ► / U J 

is an increasing bijection. Finally, by composing all these bijections, we get an 
isomorphism of ordered sets 

a: V{[l,n-1}) — > [x;y] 

I ' — ► c/n[i I i-i]C Jn[ , in _ 1] qi,n]ai. 



3.C. The elements z £ [a;; j/] such that tz < z. If / C [l,n — 1] is such that 
ta(I) < at(I), we set fti = TA(fi a (i),y)- So we can rephrase (?) as follows: 



Jx ^ 0. 



But, by the induction formula that defines the /i-polynomials and by 12.11 we have, 
for all L C [1, n — 1] such that ta(I) < ce(I), 

(3.1) A/ = i- 

/£JC[l,n-l] 
ta(J)<a(J) 

Let 

g = {I e V([l, n - 1]) I ta(I) < «(/)}. 
The set £ is easy to describe: 



Lemma 3.2. Let I C [1, n - 1]. JTien to(I) > «(/) i/ and on% «/ [1, Z - 1] £ I. 
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Proof of Lemma \3. £ By Lemma [1. 11 we just need to show that 
(#) a(L)-\l) > if and only if [1, 

For simplification, we set A = [1,1 — 1] n I and S = Id [l,n — 1). So a(I) = 

CACBO'[l,n] a 'l- 

First, assume that [1, 1 — 1] % I. Then < c^ 1 (l) < n, so ^niCe CaH-O = ^a^X) 
and = a^ 1 (c^ 4 1 (l)) < by 11.61 This shows (#) in this case. 

Now, let us assume that [1, 1 — 1} = I. Then = s x • • • and eg = s/ • • • s n -i 
and so c^ 1 (l) = / and c^ 1 (Z) = n. In particular, a(J) _1 (l) = af a[i >n ](n) = af (I) = 
— 1 < by 11.61 This shows (#) again in this case. 

Now, let us assume that [1,1 — 1] £ /. Then (1) = I and c~j^(l) < n and so 
a^ n] c B l c A l (l) > I. So > by 01 The proof of (#) is complete. □ 

3.D. Computation of the fii. We shall now compute the family (/}/)j e £ by 
descending induction on |J|, by using the formula IBTTl For this, the following well- 
known lemma will be useful. 

Lemma 3.3. If S is a finite set and I $1 S, then (— 1)' J ' = 0. 
To obtain the value of p,&, the proof goes in three steps. 



(3.4) If[l,n- 1] C J £ [l,n- 1], £/ien /2j = (-l) n ~ |J| . 

Proof of\3.4\ First, note that / G £ by Lemma I3.2L We argue by descending in- 



duction on |/|. If \I\ = n — 2, then fix = 1, as desired. Now, let us assume that 
[l,n- 1] C / £ [l,n-l] and that £j = (-l) n " |J| for all I £ J £ [1, n - 1]. Then, 
by 13.11 we have 

A/ = i- E (-i) nHJ| - 

/gjg[i,n-i] 

Therefore, 

^ = i + + _ ^ (-i) n -i J i = (-i) n -i J i, 

ICJC[l,n-l] 

the last equality following from Lemma 13.31 □ 



(3.5) 



If I <E £ is such that [I, n — 1] ^ I an d I 2 [1? ^ ~~ 1]> A/ = 0- 
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Proof of \3.bl We shall again argue by descending induction on |/|. Let P = I U 
[I, n — 1). Then, by 13.11 we have 

A/ = 1 - E E 

Je£ Je£ 

I^J and I'CJ Zgj and I%J 

But, if J G E is such that I <^ J and i 7 % J, (or, equivalently, [Z,n — 1] J), then 
/ij = by the induction hypothesis. On the other hand, if J G £ is such that I ^ J 
and 7' £ J, then #j = (-l) n ~\ J \ by EH Therefore, 



Az = i- E Hr |J| = i- E (-ir |J| = - E (-ir |J| = o 

Jg£ /'Cjcri.n-ll /'CJC[l,n-ll 

/£J and I'CJ 

by Lemma 1331 □ 



(3.6) If I C [1,1-1], then /2j = (-l)^ 1 " 111 



Proof of \3.bl Note that I E 8. We shall argue by descending induction on |/|. First, 
for all J such that I £1 J C [1, n — 1], we have ta(J) > «(/). Therefore, = 1) 

as desired. 

Now, let / £ [1,/ — 1] and assume that, for all i" £ J C [1,/ — 1], we have 
/ij = (-1)'- 1 -! 7 !. Then 



Ax = i ~E^ j - 

Now, if J e £ is such that I £1 J, then three cases may occur: 

• If J C [1, 1 — 1], then /ij = (— 1) /_1_ I J I by the induction hypothesis. 

• If J % [1,1- 1] and 1] % I, then ft j = by El 

• If [Z,n- 1] C J, then /2j = (-1)"-I J L 

Therefore, if we set P — I H [I, n — 1), then we get 

A/ = i- E (-ir |J| - E (-i)'- 1HJ| - 

/'cjg;,i!-i] j^jc[i,/-i] 

But 

l- e (-ir |J| = - E (-ir |J| = o 

I'CJQl,n-l] I'CJC[l,n-l] 

and _ ^ (_i)|-mji = (_i)i-i-m _ J2 (-i)'- 1HJ| = (-l) 1 - 1 -^ 

I£Jg[l,l-l] ICJC[l,l-l] 

by Lemma [3.31 The proof is now complete. □ 
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As a special case of 13.61 we get that 

A* = (-I) 1 " 1 - 

This shows (?). The proof of the Proposition 12.141 is complete. 

4. Consequence of Proposition 12.141 
The aim of this section is to prove the following 

Proposition 4.1. Let I G {0, 1, . . . ,n}, let a, (3 G Y[ n _i and let a and a' G &i, n -i 
be such that a ~l a'. Assume that b^(n — l)a. Then 

aaiaj3~ l ~l aicr'P' 1 . 

Remarks - (1) The condition a ~^ a' does not depend on the choice of a and b in 
T. Indeed, by [HI Theorem 1], a ~ L a' in W n if and only if a ~ L a' in But 
this last condition depends neither on the choice of b (since t G" &i, n -i) nor on the 
choice of a (provided that it is in T >0 ). 

(2) If b > (n — l)a, then the above proposition is proved in [H Theorem 7.7] (see 
also pD, Corollary 5.2] for the exact bound) by a counting argument. The proof below 
will not use this counting argument but uses instead the proposition 12.141 it allows 
to extend the scope of validity to the case where b = {n — l)a (this is compatible 
with 0, Conjecture A (b)]). □ 

Proof. First, recall that a^cr/? -1 ~^ a^a'/? -1 by Poposition 12.101 This shows that we 
may (and we will) assume that a = a'. We want to show that aaiafi^ 1 ~l a\ofi~ x . 
We shall use induction on n. So let (P n ) denote the following statement: 

(P n ) For all / G [0, n), for all sequences 1 ^ i\ < • ■ ■ < ii ^ n, for all 
a G &i, n -i and for all f3 G Y^ n _ h we have r h r h ■ ■ ■ r k af3~ l ~ L 
r\r 2 ■ ■ -riaj3~ l . 

The property (Pi) is vacuously true and the property (P 2 ) can be easily checked 
by a straightforward computation. So we assume that n ^ 3 and (P m ) holds for all 
m < n. Now, let / G [0, n], let 1 ^ i\ < • • • < %i ^ n be a sequence of elements 
of [l,n], let a G &i >n ~i and let (3 G Yi^n-i- As a consequence of this induction 
hypothesis, we get: 

Lemma 4.2. If k £ [1,1] is such that < n, then r^r^ ■ ■ ■ r, H a ft^ 1 ~l 
n---r k r ik+1 ■■■r il o(3- 1 . 



20 C. BONNAFE 

Proof. Let w = r^r^ ■ ■ ■ r^aP -1 and w' = r\ ■ ■ ■ r^ri k+1 ■ ■ ■ r^c/? -1 . Let us 

write w = vx~ l and w' = v'x^ 1 with v, v' G Wi k and x, x' G Xn k \ First, 
note that 

ww'~ x = (r h ■■■r ik )-(r 1 - ■ -r^ 1 G W ik . 

Therefore, x = x' and 

vv'- 1 = (r h ---n k ) • (ri-.-rfc)" 1 G W ik . 

Moreover, by Lemma ["l.l9l we have < x(l) < ■ ■■ < x(ik). So, if i G [1, 
then v~ l {i) < (resp. v'~ l (i) < 0) if and only if i G {h, ■ ■ ■ ,ik} (resp. 
{1, . . . , k}). So, by Lemma fl. 151 we have 

v = r h --- r ik T^~ l and v' = r\ ■ ■ ■ rkTj' 1 , 

where r G &k,i k -k and 7 G ifc j fe _fc. But, since ifc < n, it follows from the 
induction hypothesis that v ~l v'. Here, note that u ~i «' in Wi k if and 
only if v ~l f' in W„ (see [U Theorem 1]). So, by [TUl Proposition 9.11], 
we get that w ~l fi/. □ 

Corollary 4.3. 

(a) jF/ij < n, then r h r h ■ --r^aP' 1 ~ L ri r 2 ■ ••ncr/3 -1 , 

(b) Ifk = n, then r h r h ■ ■■r il a(3~ 1 ~ L r x r 2 • • • ri^ x r n aP~ l . 

By Corollary 14.31 we only need to show that 
(?) r x r 2 ■ ■ ■ r^ x r n ai5~ x ~ L r x r 2 ■ ■ ■ r^P' 1 . 

Now, let us write a = (A,/i), where A G and fi G &[i+i >n ]. Three cases may 

occur: 

• Case 1: If A = 1 and fi = <Jp+i iTl ], then a = o"[;+i, n ]- Since r x r 2 ■ ■ ■ ri_ir k a(3~ l = 
SfcSfc-i ■ • ■ sz+icr/3 -1 for all k > I, we have 

ri • • • n- 1 r n af3" 1 ^ L n, • • • r/_ir n _icr/3 _1 ^ L • • • 

On the other hand, by Proposition EHH and Lemma [2T9l we get r\ ■ ■ -r^iria^ 1 
r\ ■ ■ ■ ri^\r n ofi~ x . This shows (?) in this particular case. 

• Case 2: If \i 7^ 0"[z+i,n] 5 then n ^ 1 + 2 and there exists G [Z + l,n — 1] such that 
SfcO" > a. Let z be maximal such that Sia > a. We shall prove (?) by descending 
induction on i. For simplification, let x — r\ ■ ■ ■ ri^\r n ofi~ x . 

First, if % — n — 1, then, by 11.41 we have (since n — 2 > I — 1) 

s n - 2 x = ri • • • ri_is n _2r n a/9 _1 = r x • • • n_ir ri s n _icr/?~ 1 > s n _ 2 x, 
= ri • • • n_is n _ir n cr^ -1 ri • • • rvir^ia/T 1 < x 

and s n _ 2 s„_ix = r x • • • r i _ 1 s n _ 2 r„_i(j / g" 1 = r x • • • ^_ 1 r n _ 2 o-/3 _1 < 

So x ~l s n -\X by Corollary I2.4L On the other hand, by Corollary 14.31 we have 
s n -i x ~l r i ' ' ' r i cr P~ 1 ^ so we get (?) in this case. 
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Now, assume that l + l^i<n — 1. Then s i+ i<7 < a (by the maximality of i). 
Two cases may occur: 

• Subcase 1: If SjSj + icr < Sj + icr, then we set r = Si+iO" < cr and 
y = n • • • r/_ir n r/3 _1 . Then y = Sj£ < x by ll.4[ Moreover, still by 
11.41 we have 

s^x = ri • • • rvir^cr/?" 1 > x 

and Si-iSjO; = r x • • • rvxr^Sj+icr/?" 1 < S;X. 

So x ~£ y by Corollary 12 .41 But, by the induction hypothesis (and 
since Si + \T > r), we have y ~l a/r/? -1 . But cr ~l r (again by 
Corollary 12.41 and since SjT < r < a = s i+ ir < SjCr), so a;cr/3 _1 ~l 
a;r/3 _1 by (*). This shows (?). 

• Subcase 2: If SjSj+icr > Sj+icr, then Sj+iSjCr > SjCr (by an easy appli- 
cation of Lemma fl~Tl) so, if we set r = Sjcr and y — r\ - • -r^rnTP" 1 , 
we have, by the induction hypothesis, y ~l a/r/3 -1 . Moreover, Sj+ir > 
r = SjCr > cr > s i+1 cr and, by the same argument as in the subcase 1, 
we have Siy > y = Sj_ix > x > Six. So x ~l y, cr ~ L r. So it follows 
from (*) and x ~l c^cr/? -1 , as required. 

• Case 5: If A ^ 1, then we set x — T\ ■ ■ ■ ri_\r n ofi~ x and y — T\ - • ■ ria^" 1 . We 
want to show that x ~l y. For this, let x' = w n x, y' = w n y, a' = a n aa~ x (T n -i t i and 
(3' = f3a n a n _i t i. Then, by Proposition 11.181 

x' = nn + i ■ ■ ■ rv-icr'/?' -1 and y' = nn +1 ■ ■ ■ r n _ 2 r n (r' ■ 

But, by Corollary 14.31 we have 

x' ~ L r x ■ ■ ■ r n _ia'(3'^ 1 and y' ~ L n ■ • ■ r n + 1 r n o' ' f3'~ l . 

Now, if we write a' = (A',//), with A' G &n )n -i\ and // G &[ n -i+i,n]i we have 
A*' 7^ °"[ri-'+i,n] (because A ^ 1). So, by Case 2, we have 

Therefore, x' = k;„x ~l y' = w n y, and so x ~l y by [TOl Corollary 11.7]. □ 

Corollary 4.4. Let I G {l,...,n}, let 1 ^ i\ < ■■■ < ii^n. let a G & n , let 

(3 G Yi jn -i and let k G [1, 1) be such that b^{ik — l)a. Then 



r h ---r k a ~ L r x - ■ ■ r k r ik+1 ■ ■ ■ r k a. 
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Proof. The proof proceeds essentially as in Lemma l4~2l Let w = r ix ■■■r^a, let 
w' — r\ ■ ■ ■ rkTi k+1 ■ ■ ■ r i{ a and let us write w = vx~ l and w' = v'x'~ x with v, v' G Wi k 
and x, x 1 G Xn h \ 

Since w'w' 1 = (r x • • • r fc ) _1 (r il • • • r ik ) G Wj fc , we get that x = x'. The same 
argument as in Lemma l4~2l shows that v = r ix ■ ■ ■ r ik r and v' — r\ ■ ■ • r^r' for some 
r, r' G @j fc . But v'v~ x = w'w~ l = (r\ • ■ ■ r fc )~ 1 (rj 1 ■ ■ • r ik ), so r = r' . Now, by 
Proposition 14. 11 v ~l u'. So w ~l to' by [TOl Proposition 9.11]. □ 



5. Proof of Proposition [2JJ3J 

Notation. In this section, and only in this section, we assume that 
1 ^ I ^ n — 1 and inai (n — 2)a < 6 ^ (n — l)a. 

We define a sequence (Cj)z_i ^ j ^ n _i by induction as follows: 

'G-i = l, 

Let /i denote the coefficient of C ai _ 1(T[ln] in the expansion of C n -iC aia[l n] in the 
Kazhdan-Lusztig basis. To prove Proposition 12.151 it is sufficient to show the fol- 
lowing statement: 

1 if b — (n — l)a, 

Q-i q n-i + g g i-n if ( n _ 2)a < 6 < (n - l)a. 

Proof of \5.1i If r G Z, we set 



(5.1) /i 



lt(w) < r ^t(ui) < r 

We shall show that 

PC — T 

(5 * 2) +Q- 1 o"- 1 T ai _ lCT[i >n] mod (w n [Z - 2] + W<° 

The statement 15.21 will be proved at the end of this section. Let us conclude the 
proof of 15.11 assuming that 15.21 holds. 
Let 

1 if b — (n — l)a, 

Q-V" 1 + Qq l ~ n if (n- 2)a < b < (n - l)a. 

We want to show that \x = jl. But, by 15.21 we have 

C n -lC aia , l n] — C« n _i— s 1+1 5jOj{7rj „] _ A^a;_i<Jr( „i G 7i n [^ ~~ 2] + 7i n + © -4r u 

U!<a i _l<7[ Z + i i „] 
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Since 



AT W — © AC W , 



tO<a;_ 1 tT[; + ln ] t0<a;_ 1 O-[, + ln ] 

there exists a family (v w )t t ( w ) <: 1-2 or lu <a i _ 1 o- [!+lin] of elements of A^> such that 

Cn-lC^cr^] — C Sn _ 1 ... Si+lSi a i0 - [J iti j — P'C ai _ ia[l n] — V W C W E 7i n . 

e t {w) ^ (-2 
or ai_io-[ i+li „] 

Let = u w + V w - t a (is w ). Then 

C n -\C aiCT[l n] — C Sn _ 1 ... Sl+lSiaia[l n] — fiC ai _ 1(T y n] — v w Cw £ T~i n 



£t(w) 1—2 
or a i _itT [i+ljri 



and = iv So, if we set 



C C n -lC ai(T[ln] C Sn _ 1 ... Sl+lSiaia[ln] fiC ai _ 1(T[ln] ^w^w 



^tO) «S 1—2 
or a ; _ 1 cr [;+lir . 



then 

C = C and CeUf. 
So C = by pm Theorem 5.2], and so /x = /i, as expected. □ 



So it remains to prove the statement 15 . 2t 



Proof of \5.2. First of all, we have C aiU[l . = C at C U[ln] , since the supports of ai and 
t7[| )Tl ] (in 5 n ) are disjoint. Moreover, since I ^ n-1 (i.e. ai G W n _i) and b > (n — 2)a, 
it follows from [U Propositions 2.5 and 5.1] that 

(5.3) C ai = (T tl + g- 1 )^ + Q" 1 ) • • • (T t! + Q~ l )T-\ 

Let TC(& n ) denote the sub-A-algebra of Tt n generated by T Sl ,..., T Sn _ 1 . It is the 
Hecke algebra of & n (with parameter a). Then TC n [l — 2] is a sub-A-module of Tt n - 
Therefore, it follows from 15.31 that 

Ca^^ + Q- 1 T tl ... ti _ lti+1 ... tl )T- 1 modWnp-2]. 

1 <i < I 

But, if 1 ^ i ^ I, then 

£l • • • tj-ltj+l ■ ■ - ti — SiSi + \ ■ ■ ■ S;-_iaz_i07_iS2_i • • • Si + \Si, 

and ox = s l+1 ^ ■ ■ ■ s^si-i^i-iSi-i • ■ ■ s»+i s i- Moreover, 

^(<7j) = £(Si+i_i • ■ ■ Si_ a Sj_l) + ^(0"i_iS Z _! • ■ ■ S i+1 Si). 

Therefore, 

Ca ; = + Q' 1 22 T sis i+1 ---s^ 1 T ai _ 1 (T Sl+1 _.... Sl _ 2Sl _ 1 )~ 1 modH n [l-2}. 

1 < i ^ i 
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Finally, we get 

C ai a [lM = T ai C a[l n] + Q 1 2J ^c [ii! _ 1] r a ,_ 1 (T C[i+1 _. ji _ 1] ) 1 C a[ln] mod 7i n [/ - 2]. 



1 < i < i 

Now, if I — 1 ^ j ^ n — 1, then 



(5.4) i=j-i 

+g- 1 C, £ r c[ii ,_ 1] T j_ 1 (T C[!+1 _. ) -1 C <J[Zjn] mod^p-2], 
1 ^ j ^ I 

Proof of \5.4\ We shall argue by induction on j. The cases where j = 
I — 1 or j — I are obvious. So assume that j G [I, n — 2] and that 15.41 
holds for j. By the induction hypothesis, we get 

j j'-i 

i=Z-l i=J-l 

+Q- 1 C i+1 J2 T^TaUTc^^yC^ modH n {l-2\. 
Now, 

C Sj+1 T ( i [l :j] T ai C U[l n] — Td [l j+1 ,T ai C U[l n] +q ^ T ai C a[l ^ 
and, if Z — 1 < i < j, then 

Csj+iTdj^ij^Co-j;^] — 7 1 £ j [w] T 0i (7 aj . +1 (7( T[Jin] = (g + g )T a i [! A] T ai C a[l _ n] . 
Now 15.41 follows from a straightforward computation. □ 

Since G Yj )fl _i, we have 

T 1 T C 1 — T C 1 — T 1 mnH 



so, by 15.41 we get 
C C = T 

+ Q- 1 c n -i £ r^r^^^)-^ mod (n n [i-2] + n<°). 



1 <i <l 



For 1 < i < /, let ^ = Q _1 C n _ir C[ . ii _ 1] 7 1 ai _ 1 (T C[;+1 _ i ; _ 1] )" 1 C (J[i _ n] . There exists a fam- 
ily (fi)ic[i, n -i] of elements of Z such that C n _i = X)jc[j, n -i] ■ Moreover, 

/[i,n-l] = 1. AISO, 

JC[Z+l-i,K-l] 
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Therefore, 

X%= ^ fiQ^il- ? _1 ) l ~ 1_|J| ^<ii r c [M _ 1] 7 1 oj_ i r cj C , - [in] . 

IC[l,n-l] 
JC[l+l-i,l-l] 

Let A iJ:J = fiQ' 1 {q - g -1 )^ 1-1 Jl C dl T C[i jJ _ 1] T ai _ 1 T Cj C (7[l >n] . If we express A^j in 
the standard basis (T w ) w€Wn7 then the degree of the coefficients are bounded by 
— b + (i — 1 — | J | + |/|)a. Since 6 > (n — 2)a, this degree is in r <0 , except if % — I, 
J = and J = [l,n — 1). Therefore, 

C n -iC ai<T{l n] = T d%n _ x]ai(T[lM + Am^t]^ mod (n n [l - 2} + K^j . 

But 

Ai,[i, n -i],2i = Q^iq- q' 1 ) l ~ 1 c ! Sn _ v .. sl T ai _ 1 c CT[lM 
— Q 1 (q — q 1 ) 1 1 T ai _ 1 c Sn _ 1 ... Sl c a[ln] 

the last equality following from Theorem l2.3l (a). So Aj ) [j )n _i] j0 = Q _1 g" -1 T a; _ 1 C CT[i , 
mod 7i<°. The proof of 15.21 is complete. □ 

6. Consequences of Proposition 12.151 
The aim of this section is to prove the following proposition: 

Proposition 6.1. Let I 6 {1, . . . , n} and assume that b ^ (n — l)a. 2%en 

1] ~L ^SiS2 • • • S n _iaj_i<7p in _i]. 

Proo/. Let u^ n = £siS 2 • • ■ =ts x --- Si^a-i-iSi ■ • • s n -iC[i,n-i] = a/Cp,™]- 

We need to show that t-u^ ~l ui <n (note that iu^ n ^ u^ n ). We shall argue by in- 
duction on n, the cases where n = 1 or 2 being obvious. So assume that n ^ 3 and 
that tUl !n -i ~l M/,n-l if & ^ (rt — 2)a. 
First, assume that b ^(n — 2)a. Then 

= Wi.n-lSn-l * * * if Z < n - 1, 

Ui, n = a n = n/_ ljn _is n _i • • ■ s 2 sit if I = n. 

By the induction hypothesis, we have tw^.n-i ~l Uk,n-i so, since s n _i • • -sj+iSz and 
s n -i ■ ■ ■ s^Sit belong to X' 1 , it follows from [10l Proposition 9.11] that tu^ n ~l u^ n . 

This means that we may, and we will, assume that (n — 2) a < b ^ (n — l)a. But, 
by Proposition 12.151 we have aj_icrr^ n ] ^ G&jOftn] = w ;,n- On the other hand, 

tUi in = C[i t i-x]ai-i(T[i )n ] C[2,Z-l]«/-lO"[«,n] ' " " S«-lO«-lO r [«,n] 0>l-\V[l,n]- 

So tii; in ~l M/ >n , as desired. □ 
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Remark 6.2 - Note that the converse of Proposition 16.11 also holds. Indeed, if 
b > (n — l)a and if x ~l y for some x and y in W n , then £t(x) = £t(y) (see [3J 
Theorem 7.7] and pD, Corollary 5.2]). □ 

Corollary 6.3. Let I G {1, 2, . . . , n} and let (3 G YJ_i in _z. Then 

SiS 2 ■ ■ ■ S n _iai_i(T^ n _i]/3 _1 ~L tSiS 2 ■ ■ ■ Sn-ia^iCT^^ij/S -1 . 



Proof. Let u> = S1S2 • • • s n _ia;(T^ + i )n _i]/5 _1 . We want to show that w ~l to. We 
shall argue by induction on £((3). If £(0) = (i.e. (3—1), this is just the proposition 
16.11 Sp we assume now that £{[3) ^ 1. We shall use the *-operation (see §2.CI) . For 
this, we need to study the action of the 7;'s on w, when possible. 
We have a^^a^t = a^crp^-i], so 

Let 1 ^ ji < ■ ■ ■ < ji-i ^ n— 1 be the unique sequence such that ai/3 = r^r^ ■ ■ ■ 
Since > 0, we have (ji,j2, ■ ■ ■ ^ (1,2,..., Z — 1), so there exists k G [1, / — 1] 

such that jk — jk-i ^ 2 (where jo = by convention). Note that jk < n so jk + 1 G 
[2,n]. We have, bv fTTTBl 

w{jk)si ■ ■■si-ia^ n] {r h ■ ■■r jl _ 1 Y 1 {j k ) = st ■ • ■ s^a^k - I) 

= -si ■ • • si-i(l - k) 
= -(l + l-k) <0 

and 

w(j k - l)s 1 ■ ■ ■ s l _ 1 a [l;n] (r h ■ ■ ■ r h l Y l (j k - 1) = s x • ■ ■ s l _ 1 <T[ I)n ](Z + g) 

= si • • -sj_i(n + 1 - g) 
= n + 1 - g > 

for some g G [l,n+l — Z]. Moreover, a similar computation shows that (with the 
convention that ji — n + 1) 



-il-k) if = jf ft + 1, 
n - g if jf'jfc + i > jfc + 2. 



In any case, we have 
This shows that 



w(jk) < w(j k + 1) < w(j k - 1). 



ws J k -l s h < ws J k -l < w < ws hl 

So w G Vj k ^i(W n ) and 7j fc _i(w) = wsj k -i < w. Now, let (3' = Sj k f3. An easy 
computation as above shows that (3' < (3, so that (3' G 3^ n _i_; by Deodhar's Lemma 
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(see p Lemma 2.1.2]). So ^ jk {w) = s x ■ ■ • Sn-ia^a^^p'' 1 where (3' G Y^ n -\~i is 
such that t{(3') = t{0) — 1. But, by Corollary 12.131 we have t^i{w) = ji(tw). So , 
by 12.111 and by the induction hypothesis, we get that w ~ L tw, as desired. □ 



7. Proof of Theorem 11.241 

7. A. Knuth relations. By recent results of Taskin [T3J Theorems 1.2 and 1.3], the 

equivalence relations ~ r R and ~^ can be described using generalisations of Knuth 
relations (for the relation a similar result has been obtained independently by 
Pietraho [12], Theorems 3.8 and 3.9] using other kinds of Knuth relations). We shall 
recall here Taskin's construction. For this, we shall need the following notation: if 
^ r ^ n — 2, we denote by En the set of elements w G W n such that |u>(l)| > 
for i G {2, 3, . . . , r + 2} and such that the sequence (w(2), tu(3), . . . , w(r + 2)) is a 
shuffle of a positive decreasing sequence and a negative increasing sequence. If 
r ^ n — 1, we set = 0. Following [13], Definition 1.1], we introduce three 
relations which will be used to generate the relations ~ r R an d — r- 
Let w, w' G W n and let r ^ 0: 

• We write w w' if there exists i ^ 2 (respectively z ^ n — 2) such that 

w{i) < w{i — 1) < 10(2 + 1) (respectively w(i) < w{i + 2) < w{i + 1)) and 

W 1 = WSi. 

• We write w ^ w' if there exists i ^ min(r, n — 1) such that w[i)w{i + 1) < 
and «/ = WSi. The relation ^ never occurs. 

• We write w ^-3 w' if w £ £„ and w' = wt. If r ^ n — 1, the relation 



3 



never occurs. 



Remark - If w ^ r 2 w', then w 2 +1 ^ If w ^3 ^'i then to ^3 1 w' (indeed, 

Taskin's Theorem. With the above notation, we have: 

(a) The relation ~^ is the equivalence relation generated by the relations 



Is 



"2 and ^3. 



(b) The relation ~^ is the equivalence relation generated by the relations 



'2 and ^3 . 



7.B. Proof of Theorem II. 241 Recall that the relation ~ r LR (respectively — r LR ) is 
the equivalence relation generated by ~£ and ~^ (respectively ~^ and — R ). Recall 
also that x ~£ y (respectively x ~2 2/> respectively x ~ L y) if and only if x~ l V 1 
(respectively x~ l ~ r R y' 1 , respectively x^ 1 ~# y^ 1 )- So it is sufficient to show that 
Theorem 11.241 holds whenever ? = R. It is then easy to see that Theorem 11.241 will 
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follow from Taskin's Theorem and from the following three lemmas (which will be 
proved in subsections I7.CI I7.DI and 17. El) . 

Lemma 7.1. Let w, w' G W n be such that w w' . Then w ~# w'. 

Lemma 7.2. Let w, w' G W n and let r ^ be such that b ^ ra and w ^ T 2 w' . Then 
w ~b w' . 

Lemma 7.3. Let w G W n and let r ^ be such that b ^ (r + l)a and w ^3 to'. 
T/ien w w'. 

7.C. Proof of Lemma 17. 1L Let w, w' G W n be such that w ^1 u/. Let i G J^lj 
be such that w' = wsi. Then % ^ 2 and iu(z) < u>(z — 1) < w(i + 1), or z ^ n — 2 and 
< + 2) < + 1). In the first case, we have wSiS^i > wsi > w > ws^i 
while, in the second case, we have wSiSi + i > wsi > w > wsi + i. So w' = wsi ~r w 
by 11.231 and Corollary I2.4L The proof of Lemma I7TT1 is complete. 

7.D. Proof of Lemma 17. 2L Let w, w' G W n and let r ^ be such that b ^ ra 
and w ^2 w ' ■ Let i G I^_ t be the element such that w' = wsi. Then i ^ r and 
tu(z)iu(z + l) < 0. By exchanging w and u>' if necessary, we may assume that w{i) < 
and w{i + 1) > 0. 

Let us write w = xv, with x G Xn and v G Wi+i. Then vSi G Wj + i and 
wsi = xvsi. Therefore, by [101 Proposition 9.11], we only need to show that VSi ~l v. 
But < x(l) < • • • < x{r + 1) (see Lemma fl.191) . and v(j) G L + i for all j G So 
v(z) > and i>'(2 + 1) < 0. In particular, v ^ r 2 vs^ (and even v ^ 2 i/). This means 
that we may (and we will) assume that i = n — 1. So we have 

b^(n — l)a, u;(n — 1) < and w{n) > 0, 

and we want to show that w ~^ u>s n -i or, in other words, that 

(?) w~ l ~ L Viw -1 . 

Let a = a w -i, a = a w -i and (3 = /3 w -i. Then 

w^ 1 = aaiaaiP -1 . 

By Lemma 11.151 there exists a unique sequence 1 ^ i\ < ■ • • < %i ^ n such that 
aa t = r h --- r k so 

w' 1 = r h ■ ■ -r k a^~ x . 
But, again by Lemma fi. 151 we have w~ x (i) < if and only if % G {ii, . . . , ii}. So 
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So 

w" 1 = r h ■ ■ ■ r il _ 1 r n ^ 1 ai3'' 1 . 

and 

Sn^w' 1 = r h ■ ■■r il _ 1 r n aP~ 1 . 
So the result follows from Proposition 14. 1[ 

7.E. Proof of Lemma 17. 3L Let w e W n and let r ^ be such that b < (r + l)a 
and u;^ 1 ^3 w'~ x . We want to show that w ~^ w/ = tw. The proof goes through 
several steps. 

First step: easy reductions. First, note that r ^ n — 2. Let us write w = to -1 , with 
v G W r+ 2 and x G X„ r+2) . Then < x(l) < • ■ ■ < x(r + 2) by Lemma EE! so 
v^ 1 G ^+2- Then = (tt>)x _1 with tt> G W r+ 2 so, by [10, Proposition 9.11], it is 
sufficient to show that tv ~ L v. This shows that we may (and we will) assume that 
r = n — 2. 

By [TOl Corollary 11.7], this is equivalent to show that tw n w ~l w n w. Since 
w n w G £ n ™ ^ we may, by replacing w by tw, w n w or tw n w, assume that w _1 (l) > 
and w _1 (n) > 0. Since moreover |w _1 (l)| > |io _1 (i)| for all i G {2, 3, . . . , n — r + 2}, 
we have w _1 (l) = n. 

As a conclusion, we are now working under the following hypothesis: 

Hypothesis. From now on, and until the end of this subsection, we 
assume that 

(1) w _1 (l) = n and w~ 1 {n) > 0. and 

(2) w- 1 est~ 2) . 

And recall that we want to show that 
(?) tw ~i w. 

Second step: decomposition ofw. Let v = s n _i ■ • ■ S2S1W. Then v~ l (n) = w (1) = n 
by (3), so v G W n -\. Therefore, 

(7.4) w = SiS 2 ■ ■ ■ s n _iv, SiS 2 • • • s„_i G X n and t> G W n _\. 
Note that 

(7.5) u-^ife) = uT 1 ^ + 1) 
for all k G [1, n — 1], so that 

(7.6) t, g e^ 3) 

and, by (2), 

(7.7) «- 1 (n-l)>0. 
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Let us write v = r ix • • -r^afl 1 , with I = it(v) = it{w), 1 ^ i\ < ■ ■ • < %i ^ n — 1, 
a G &i ;n -i-i and (3 G Y5 jn _i_2. By 17.71 and Lemma ft. 151 we have 



Proof of \ 7. (A By 17.61 we have \v > \v 1 (^2) | > ••• > \v Therefore, 

it follows from 06] that /3(<7 -1 (0) > ^^{l - 1)) > ••• > f3{a-\l)). Since 
a stabilizes the interval [1,/] and since (3 is increasing on [1,/] (because it lies in 
Yi >n -i), this forces a(k) = k for all k G [1, 1). 

Similarly, if 1 ^ ji < ■ ■ ■ < j n _i ^ n denotes the unique sequence such that [1, n] = 
{i 1 ,...,i l }U{j 1 ,...,j n ^i}, then Iv-^ji)! > \v-\32)\ >■■> |u _1 0'r.-OI b yEEl So 
it follows from [TT6] that P{o-\l + l)) > 0{a~ 1 {l + 2)) > ■■■> (3(a-\n)) and, since 
a stabilizes the interval [1 + 1, n] and (3 is increasing on the same interval, this forces 
cr(Z + Jfc)=n + l-fcforfce[l,n-Z]. □ 

Third step: conclusion. We first need the following elementary result: 

(7.10) S\S 2 ■ ■ ■ s n _iTj 1 • • • Tj; = r il+1 ■ ■ ■ r il+1 S[ + iSi + 2 • • • s n _i- 

Proof of \7.1(A This follows easily from 11.31 or from 11.41 □ 

Now, let r = si +1 s i+2 - ■ •Srj-icqm^]/?- 1 = °[i+i,n]P~ l e & n- Then, bv 17.101 we 
have 



By 17.81 we have b ^ (£j + 1 — l)a, so, by Corollary 14.41 we have 

w ~l r 2 r 3 ■ ■ ■ n +1 T and tw ~ L nr 2 ■ ■ ■ r l+1 r. 

So we only need to show that r 2 r 3 • ■ ■ r/ + ir ~l r\r 2 ■ ■ ■ ri + \T = tr 2 r 3 ■ ■ • 77+1T. But 
r 2 • • • r; +1 a[/ + i in ]/? _1 si • • ■ s n _iaiO- [/+lin _ 1] /5" 1 , with /3 G So the result follows 

from Corollary 16.31 

The proof of Lemma ITTBI is complete, as well as the proof of Theorem 11.241 
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